Published by Institute of Physics Publishing for SISSA/ISAS Received: May 06, 2002 Revised: October 24, 2002 Accepted: November 05, 2002

The massless spectrum of covariant superstrings

Pietro Antonio Grassi and Peter van Nieuwenhuizen

C.N. Yang Institute for Theoretical Physics State University of New York at Stony Brook NY 11794-3840, USA E-mail: pgrassi@insti.physics.sunysb.edu, vannieu@insti.physics.sunysb.edu

Giuseppe Policastro

Scuola Normale Superiore Piazza dei Cavalieri 7, Pisa, 56126, Italy E-mail: g.policastro@sns.it

Abstract: We obtain the correct cohomology at any ghost number for the open and closed covariant superstring, quantized by an approach which we recently developed. We define physical states by the usual condition of BRST invariance and a new condition involving a new current which is related to a grading of the underlying affine Lie algebra.

Keywords: Superstrings and Heterotic Strings, Conformal Field Models in String Theory, Space-Time Symmetries, BRST Symmetry.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep112002004 /jhep112002004 .pdf

Contents

1. Introduction 1

2. The new current and grading 2

3. Massless spectrum of the open superstring 4

4. The massless spectrum of the closed superstring 6

5. Conclusions 10

1. Introduction

Recently, we developed a new approach to the long-standing problem of the covariant quantization of the superstring [1]. The formulation of Berkovits of super-Poincaré covariant superstrings in 9 + 1 dimensions [2] is based on a free conformal field theory on the worldsheet and a nilpotent BRST charge which defines the physical vertices as representatives of its cohomology. In addition to the conventional variables x^m and θ^α of the Green-Schwarz formalism, a conjugate momentum p_α for θ^α and a set of commuting ghost fields λ^α are introduced. The latter are complex Weyl spinors satisfying the pure spinor conditions λ^αγ^m_{αβ} λ^β = 0 (cf. for example [3]). This equation can be solved by decomposing λ with respect to a non-compact U(5) subgroup of SO(9, 1) into a singlet 1, a vector 5, and a tensor 10. The vector can be expressed in terms of the singlet and tensor, hence there are 11 independent complex variables in λ^α.

Since the presence of the non-linear constraint λ^αγ^m_{αβ} λ^β = 0 makes the theory unsuitable for a path integral quantization and higher loop computations, we relaxed the pure spinor condition by adding further ghosts. We were naturally led to a finite set of extra fields, but the BRST charge Q of this system was not nilpotent, and the central charge of the conformal field theory did not vanish. The latter problem was solved by adding one more extra ghost system, which we denoted by η^m and ω^m_z . The former problem was solved by introducing yet another new ghost pair, b and c_z , which we tentatively associated with the central charge generator in the affine superalgebra which plays an essential role in the superstring [4].

The BRST charge is linear in c_z, and without further conditions on physical states the theory would be trivial. We proposed that physical states belong not only to the BRST cohomology (Q |ψ⟩ = 0, but |ψ⟩ ≠ Q |ϕ⟩), but also that the deformed stress tensor T +V^{(0)}, where V^{(0)} is a vertex operator, satisfies the usual OPE of a conformal spin 2 tensor. (The latter condition is weaker than the requirement that vertex operators be primary fields with conformal spin equal to 1).

– 1 –

In this letter we propose another definition of physical states. We retain the BRST condition, but we replace the stress tensor condition by the requirement that the physical states belong to a subspace H^′ of the entire linear space H of vertex operator. The latter can be decomposed w.r.t. a grading naturally associated with the underlying affine algebra (cf. [5]) as H = H_− ⊕ H_+, with negative and non-negative grading, respectively. The BRST charge Q = ∑ n≥0 Q_n contains only terms Q_n with non-negative grading, hence one can consistently consider the action of Q in H_+. The physical space is identified with the cohomology group H(Q, H_+), namely Q|ψ⟩ = 0 , |ψ⟩ ∈ H_+ , |ψ⟩ ≠ Q |ϕ⟩ , |ϕ⟩ ∈ H_+ . (1.1) We show that with these conditions we obtain in a very simple way the correct massless spectrum of the open and closed superstring. In particular, our results agree with the work of Berkovits and collaborators [2], who obtains the correct field equations for the massless states γ^{αβ}_{mnrpq}D_αA_β = 0, but defines physical states by only the BRST condition on the unintegrated vertex U^{(1)} = λ^αA_α(x, θ) in terms of pure spinors λ^α. In their work the superfields A_m and W^α (the latter is denoted by A^α in [1]) of the open string are expressed in term of A_α by the relations of d = 10 superspace,

A_m = 1 8 γ^{αβ}_m D_αA_β , W^α ≡ A^α = 1 10 γ^{m,αβ} (D_βA_m − ∂_mA_β) , (1.2)

whereas in our work these same relations follow from the physical state conditions. We obtain corresponding results for closed (type-II) strings, which also agree with [2] and [6].

Then we consider the sectors with ghost number different from one, and obtain in all these sectors the correct results.

We also give a derivation of the η^m, ω^m_z terms in the action, based on a local symmetry which has been found in the constrained spinor approach [7]. This derivation leads us to replace the pair (η^m, ω^m_z ) in [1] with (η^m_z , ω^m).

2. The new current and grading

We based our approach on the following affine superalgebra [4]

d_α(z)d_β (w) ∼ − γ^m_{αβ}Π_m(w) z − w , d_α(z)Π^m(w) ∼ γ^m_{αβ} ∂θ^β(w) z − w , Π^m(z)Π^n(w) ∼ − 1 (z − w)^2 η^{mn}k , d_α(z)∂_wθ^β(w) ∼ 1 (z − w)^2 δ^β_α k , Π^m(z)∂_wθ^β(w) ∼ 0 , ∂_zθ^α(z)∂_wθ^β(w) ∼ 0 , (2.1)

where ∼ denotes the singular contributions to the OPE’s. This algebra has a natural grading defined as follows: d_α(z) has grading 1/2, Π^m(z) has grading 1, ∂_zθ^α(z) has grading 3/2, and the central charge k (which numerically is equal to unity) has grading 2.

– 2 –

The corresponding ghost systems are (λ^α, β_{zα}), (ξ^m, β_{zm}), (χ_α, κ^α_z ), and (c_z , b). We thus define the following grading for the ghosts and corresponding antighosts

gr(λ^α) = 1 2 , gr(ξ^m) = 1 , gr(χ_α) = 3 2 , gr(c_z ) = 2 ,

gr(β_α) = − 1 2 , gr(β_m) = −1 , gr(κ^α) = − 3 2 , gr(b) = −2 . (2.2)

We also need the ghost ω^m and the antighost η^m_z , although this pair does not seem to correspond to a generator. We assign the grading gr(η^m_z ) = −2 and gr(ω^m) = 2 for the following reason. In [1], we relaxed the pure spinor constraint by successively adding quartets starting from (λ_+, λ_{[ab]}; β^+, β^{[ab]}) of [2] (the indices a, b belong to the fundamental representation of the U(5) subgroup of SO(1, 9)), and adding the fields (λ^a, β_a; ξ^a, β^′_a) with grading (1/2, −1/2, 1, −1). This procedure yields the covariant spinors λ^α and β_α, but now the fields (ξ^a, β^′_a) are non-covariant w.r.t. SO(9, 1). Thus, we added the quartet (ξ_a, β^{′a}; χ_a, κ^a) with grading (1, −1, 3/2, −3/2). The spinors (χ_a, κ^a) are part of a covariant spinor and the missing parts are introduced by adding the quartets (χ^+, κ_+, c, b) and (χ^{[ab]}, κ_{[ab]}, η^m, ω^m), both with grading (3/2, −3/2, 2, −2). In this way, we obtain the covariant fields λ^α = (λ_+, λ^a, λ_{[ab]}); β_α = (β^+, β_a, β^{[ab]}); ξ^m = (ξ^a, ξ_a); β^m = (β^{′a}, β^′_a); χ_α = (χ^+, χ_a, χ^{[ab]}); κ^α = (κ_+, κ^a, κ_{ab}); b, c and η_m, ω^m.

As usual for a conformal field theory, it is natural to introduce a current whose OPE’s with the ghost and antighosts reproduce the grading assignments in (2.2)

j^{grad}_z = − 1 2 β_{z,α}λ^α − β_{z,m}ξ^m − 3 2 κ^α_z χ_α − 2bc_z − 2η^m_z ω_m . (2.3)

Independent confirmation that this current might be important comes from the cancellation of the anomaly (namely the terms with (z − w)^{−3}) in the OPE of the stress energy tensor T_{zz}(z) (cf. ref. [1, eqs. (1-3)]) with j^{grad}_z . In fact, one finds

c^{grad} = 1 2 ×(+16)_{λβ} +1×(−10)_{ξβ} + 3 2 ×(+16)_{κχ} +2×(−1)_{bc} +2×(−10)_{ηω} = 0 . (2.4)

The requirement that the vertex operators contain only terms with non-negative grading will lead to the correct massless spectrum. It will also severely restrict the contribution of the vertex operators to correlation functions (in the usual RNS approach ghost insertions are needed to compensate the anomaly in the ghost current, whereas here we anticipate to need insertions of fields in H_− to compensate the non-negative grading of vertex operators U^{(1)} ∈ H_+).

All the terms in the stress tensor T_{zz}(z) and in the ghost current T_{zz} = − 1 2 Π^m_z Π_{mz} − d_{zα}∂_zθ^α − β_{zm}∂_zξ^m − β_{zα}∂_z λ^α − κ^α_z ∂_zχ_α + ∂_z b c_z − η^m_z ∂_zω_m ,

J^{gh}_z = − (β_{mz} ξ^m + κ^α_z χ_α + β_{zα}λ^α + b c_z + η^m_z ω_m) , (2.5)

have grading zero, since they are sums of terms of ghost and antighost pairs with opposite grading. On the other hand, the terms in the current j^B_z (z) (cf. [1, eq. (1.2)]) and the field

– 3 –

B_{zz}(z) have different grading.^1 For instance, the BRST current can be decomposed in the following pieces j^B_z (z) =

∑_2 n=0 j^{B,(n)}_z (z) j^{B,(0)}_z (z) = − ξ^mκ^α_z γ_{mαβ} λ^β − 1 2 λ^αγ^m_{αβ}λ^ββ_{zm} − − 1 2 b ( ξ^m∂_zξ_m − 3 2 χ_α∂_zλ^α + 1 2 ∂_zχ_αλ^α ) − 1 2 ∂_z (b χ_αλ^α) , j^{B,(1/2)} z (z) = λ^αd_{zα} , j^{B,(1)}_z (z) = −ξ^mΠ_{zm} , j^{B,(3/2)} z (z) = −χ_α∂_zθ^α , j^{B,(2)}_z (z) = c_z . (2.6)

It is clear that all terms in j^B_z (z) have non-negative grading.

3. Massless spectrum of the open superstring

We now turn to the determination of the massless cohomology for the open superstring, namely we will compute H(Q, H_+) for any ghost number.

Following the RNS approach, the cohomology H^{(1)}(Q, H_+) at ghost number 1 should be identified with the physical fields of the open superstring. In particular, the massless spectrum coincides with spin zero world-sheet fields U^{(1)}(z). The most general scalar expression in H_+ is

U^{(1)}(z) = λ^αA_α + ξ^mA_m + χ_αW^α + ω^mB_m + + b ( ξ^mξ^nF_{mn} + λ^αχ_βF^β_α + χ_α ξ^mF^α_m + χ_αχ_βF^{αβ} ) + + b ω^m ( λ^αG_{mα} + ξ^nG_{mn} + χ_αG^α_m ) + b ω^mω^nK_{mn} , (3.1)

where A_α, . . . , K_{mn} are arbitrary superfields of x_m, θ^α. It clearly makes a big difference that ω^m no longer is a 1-form. Notice that the requirement that U^{(1)}(z) ∈ H_+ forbids the terms b (λ^αλ^β F_{αβ} + λ^αξ^mF_{αm}) in the vertex (these terms are indeed present in [1, eq. (6.4)]).

The condition {Q, U^{(1)}(z)} = 0 implies the following equations

D_{(α}A_{β)} − 1 2 γ^m_{αβ} A_m = 0 ,

∂_mA_α − D_αA_m + γ_{mαβ} W^β = 0 , ∂_{[m}A_{n]} + F_{mn} = 0 , D_βW^α + F^α_β = 0 , ∂_mW^α + F^α_m = 0 , F^{αβ} = 0 , D_αB_m − G_{mα} = 0 , ∂_nB_m − G_{mn} = 0 , G^α_m = 0 , K_{mn} = 0 , (3.2)

where D_α ≡ ∂/∂θ^α +^1_2 θ^βγ^m_{αβ}∂/∂x^m.^2 The terms in {Q, U^{(1)}(z)} which contain the field b yield equations which are the Bianchi identities [1]. From the first two equations of (3.2)

1In [1] we presented four different solutions B^i of the the equation Tzz (z) = {Q, B^i_{zz} (z)}. None of the solutions B^i have definite grading except B^{IV}_{zz} (z) = b T̂zz (z) + b∂z bcz −^1_2 ∂^2_z b which has grading equal to −2 carried by the antighost b.

2The normalization is chosen such that DαD_β +D_β Dα = γ^m_{αβ} ∂m. We define D_{(α}A_{β)} =^1_2 (DαA_β +D_β Aα) and ∂_{[m}A_{n]} =^1_2 (∂mAn − ∂nAm).

– 4 – one gets the field equations for N = 1, d = (9, 1) SQED [8]

γ^{αβ}_{[mnpqr]}D_αA_β = 0 , (3.3)

as well as the definition of the vector potential A_m and the spinorial field strength W^α in terms of A_α

A_m = 1 8 γ^{αβ}_m D_αA_β , W^α = 1 10 γ^{αβ}_m (D_β A_m − ∂_mA_β ) . (3.4)

Moreover, the remaining equations in (3.2) imply that the curvatures F_{mn}, F^α_m, and F^α_β are expressed in terms of the spinor potential A_α, and similarly the superfields G_{mα}, G_{mn} are solely functions of B_m.

The gauge transformations of the vertex U^{(1)}(z) are generated by the BRST variation of spin zero field Ω^{(0)}(z) ∈ H_+ with ghost number zero, whose most general expression is given by Ω^{(0)}(z) = C + b ω^mM_m, with C and M_m arbitrary superfields. The BRST variation of Ω^{(0)} is

δU^{(1)}(z) = [ Q, Ω^{(0)}(z) ] = λ^αD_αC +ξ^m∂_mC +ω^mM_m +b ω^m(λ^αD_αM_m +ξ^n∂_nM_m) . (3.5)

One can easily check that the field M_m can be used to gauge away B_m, while C is the usual parameter of the gauge transformations on the SQED potentials: δA_α = D_αC, δA_m = ∂_mC. Thus, the only independent superfield is A_α, and it satisfies (3.3) which is gauge invariant.

In order to exhibit explicitly the physical degrees of freedom it is convenient to work in the gauge θ^αA_α = 0. The photon a_m and the photino u^α are identified with the first coefficients in the expansion of A_m and W^α in powers of θ A_m(x, θ) = a_m(x) + θ^αγ_{mαβ} u^β (x) + · · · , W^α(x, θ) = u^α(x) + γ^{mn,α}_β θ^β∂_ma_n(x) + · · · . (3.6)

The ellipses denote terms which contain derivatives of a_m and u^α. From the Bianchi identities and (3.3) one derives ∂_mF^{mn} = 0 and γ^m_{αβ} ∂_mW^β = 0, while θ^αA_α = 0 implies that A_α =^1_2 a^m(γ_mθ)_α +a^{m1...m5} (γ_{m1 ...m5} θ)_α +(γ^mθ)_α(uγ_mθ)+(γ_{m1...m5} θ)_αv^{m1 ...m5}_β θ^β +· · ·. From (3.3) it follows that a^{m1...m5} = v^{m1...m5}_β = 0 and in this way one has obtained the linearized field equations for the gauge field a_m and the gaugino u^α.

At other ghost numbers the cohomology groups H^{(n)}(Q, H_+) vanish, except the group H^{(2)}(Q, H_+) which contains the antifields a^∗_m, u^∗_α of the gauge field a_m and of the gaugino u^α [7]. The analysis can be performed along the lines of the previous discussion and one can see that all the ω-dependent terms are cohomologically trivial, and therefore can be reabsorbed by a gauge transformation. For the ω-independent terms one has the following general decomposition

U^{(2)} = λ^αλ^βA^∗_{αβ} + λ^αξ^mA^∗_{αm} + · · · + χ_αχ_β A^{∗,αβ} + + b ( λ^αλ^βξ^mF^∗_{αβm} + λ^αξ^mξ^nF^∗_{αmn} + λ^αλ^βχ_γ F^{∗ γ}_{αβ} + · · · + χ_αχ_βχ_γ F^{∗,αβγ} ) . (3.7)

– 5 –

The condition U^{(2)} ∈ H_+ does not allow the term λ^αλ^βλ^γ F^∗_{αβγ} , which is permitted by ghost number counting. This implies that the superfield A^∗_{αβ} should satisfy the field equation D_{(α}A^∗_{βγ)} −^1_2 γ^m_{(αβ} A^∗_{γ)m} = 0. Furthermore, the gauge transformations are generated by the BRST variation of a ghost-number 1 superfield Ω^{(1)}(z) (whose decomposition is given in eq. (3.1)), namely δU^{(2)}(z) ≡ {Q, Ω^{(1)}(z)}. One obtains that the gauge transformations of the super-antifield A^∗_{αβ} are the equations of motion of the potential A_α δA^∗_{αβ} = D_{(α}A_{β)} − 1 2 γ^m_{αβ}A_m . (3.8)

As shown in [2] the only states in the BRST cohomology at non-zero momentum are the onshell gauge field a_m and the gluino u^α at ghost number +1 and the corresponding antifields a^∗_m, u^∗_α at ghost number +2. The latter are the coefficients of the superfield A^∗_{αβ} . In fact, since A^∗_{αβ} is a symmetric bispinor, it can be decomposed into a vector part and a self-dual 5-form one: A^∗_{αβ} = γ^m_{αβ}A^∗_m + γ^{[mnrpq]}_{αβ} A^∗_{[mnrpq]}. The gauge transformations (3.8) remove the vector component A^∗_m, and the first coefficients of the θ-expansion of A^∗_{[mnrpq]} exhibit the on-shell fields A^∗_{[mnpqr]} = (θγ_{[mnp}θ)(θγ_{qr]})^αu^∗_α(x) + (θγ_{[mnp}θ)(θγ_{qr]s})^αa^{∗,m}(x) + · · · . (3.9) The ellipses involve terms with derivatives of a^∗_m and u^∗_α.

Before closing this section, we point out that the choice of the subspace H_+ is one of the possible choices. Another interesting situation is the restriction to the subspace H^′_+ with strictly positive grading. It is straightforward to see that, at ghost number 1, the cohomology H^{(1)}(Q, H^′_+) is identified with the gauge potentials which satisfy F_{mn} = D_αW^β = 0. This corresponds to a topological gauge model in the target space.

4. The massless spectrum of the closed superstring

According to our formalism [1], the BRST charge is the sum of the BRST charge for the left and right movers denoted by Q_L and Q_R, respectively. In the super-Poincaré covariant formulation of closed superstring, one can choose the spinors θ^α_L and θ^{α̂}_R to be Weyl or anti-Weyl in the left- or in the right-mover sector: the same chirality for both spinors leads to type-IIB strings, opposite chiralities lead to type-IIA strings. In the following we will not distinguish between the two cases.

As in [2], also in our formalism the holomorphic and anti-holomorphic sector are decoupled. Each operator in the left-mover sector has its counterpart in the right-mover one. Therefore, the assignments of ghost number and grading, as well as the central charge cancellations (cf. eq. (2.4)), are exactly the same in both sectors.

Denoting by H^L_+ and H^R_+ the left- and right-mover subspaces with non-negative gradings, the physical state condition is expressed by Q_L|ψ⟩ = Q_R|ψ⟩ = 0 , |ψ⟩ ∈ H^L_+ ⊗ H^R_+ , |ψ⟩ ≠ Q_R|ϕ⟩ + Q_L |χ⟩ , |ϕ⟩, |χ⟩ ∈ H^L_+ ⊗ H^R_+ , Q_R |χ⟩ = Q_L|ϕ⟩ = 0 . (4.1)

– 6 –

The cohomology group H^{(1,1)}(Q, H^L_+ ⊗ H^R_+) is identified with the physical degrees of freedom. In particular, the spin zero vertex operator U^{(1,1)} contains the massless fields of the closed superstring. To determine the linearized field equations, we first analyze the ω, ω̂- dependent terms of the vertex. Since ω and ω̂ are BRST inert, one can analyze the sectors of H^{(1,1)}(Q, H^L_+ ⊗ H^R_+) with different powers of ω and ω̂ separately. We prove that all the sectors with positive powers of ω and ω̂ vanish. Consider the generic decomposition with one power of ω, U^{(1,1)} = ω^m(B_m(Ĉ) + b C^AF_{mA}(Ĉ)), where C^A and Ĉ^Â denote collectively the ghost fields (λ^α, ξ^m, χ_α, b) of left- and right-moving sectors. The functions B_m and F_{mA} are polynomials in the right-moving ghost fields Ĉ^Â with superfield coefficients.

The conditions [Q_L, U^{(1,1)}] = [Q_R, U^{(1,1)}] = 0 imply that

Q_L B_m(Ĉ) − C^AF_{mA}(Ĉ) = 0 , Q_R B_m(Ĉ) = Q_R F_{mA}(Ĉ) = 0 . (4.2)

Thus, the vertex U^{(1,1)} = {Q_L, Λ} is BRST trivial where Λ = (b ω^mB_m(Ĉ)) and {Q_R, Λ} = 0. The same argument can be easily repeated for any positive power of ω or ω̂. Therefore, we have to analyze only the ω, ω̂-independent terms.

The vertex U can be decomposed into the following terms

U(z, z̄) = U^{(1,1)} + b U^{(2,1)} + b̂ U^{(1,2)} + b b̂ U^{(2,2)} , U^{(1,1)} = ( λ^α_Lλ^{α̂}_RA_{αα̂} + · · · + χ_{Lα}χ_{Rα̂}A^{αα̂} ) , U^{(2,1)} = ( ξ^m_L ξ^n_Lλ^{α̂}_RB_{mnα̂} + · · · + χ_{Lα}χ_{Lβ}χ_{Rα̂}B^{αβα̂} ) , U^{(1,2)} = ( λ^α_Lξ^{m̂}_R ξ^{n̂}_RB_{αm̂n̂} + · · · + χ_αχ_{Rα̂}χ_{Rγ̂} B^{αα̂γ̂} ) , U^{(2,2)} = ( ξ^m_L ξ^n_Lξ^{m̂}_R ξ^{n̂}_RC_{mnm̂n̂} + · · · + χ_{Lα}χ_{Lβ}χ_{Rγ̂} χ_{Rϵ̂}C^{αβγ̂ϵ̂} ) , (4.3)

where all the coefficients A_{αα̂}, . . . C^{αβγ̂ϵ̂} are arbitrary superfields. Notice that the condition U(z, z̄) ∈ H^L_+ ⊗ H^R_+ forbids the terms b λ^α_Lλ^β_L, b λ^α_Lξ^m_L and the corresponding ones for rightmovers. Finally, also the terms b b̂ λ^α_Lλ^β_Lλ^{α̂}_Rλ^{γ̂}_R, . . . , b b̂ λ^α_Lξ^m_L λ^{α̂}_Rξ^{m̂}_R are ruled out.

As in the case of the open superstring, the absence of these terms combined with the BRST invariance yields the following equations^3 D_{(α}A_{β)α̂} − 1 2 γ^m_{αβ} A_{mα̂} = 0 , D_{(α̂}A_{αγ̂)} − 1 2 γ^m_{α̂γ̂} A_{αm} = 0 ,

∂_mA_{αα̂} − D_αA_{mα̂} + γ_{mαβ} A^β_{α̂} = 0 , ∂_mA_{αα̂} − D_{α̂}A_{αm} + γ_{mα̂γ̂} A^{γ̂}_α = 0 , D_{(α}A_{β)m} − 1 2 γ^n_{αβ} A_{mn} = 0 , D_{(α̂}A_{mγ̂)} − 1 2 γ^n_{α̂γ̂} A_{mn} = 0 ,

∂_mA_{αn} − D_αA_{mn} + γ_{mαβ} A^β_n = 0 , ∂_mA_{nα̂} − D_{α̂}A_{mn} + γ_{mα̂γ̂} A^{γ̂}_n = 0 ,

D_{(α}A^{γ̂}_{β)} − 1 2 γ^m_{αβ}A^{γ̂}_m = 0 , D_{(α̂}A^α_{γ̂)} − 1 2 γ^m_{α̂γ̂} A^α_m = 0 ,

∂_mA^{γ̂}_α − D_αA^{γ̂}_m + γ_{mαβ} A^{βγ̂} = 0 , ∂_mA^α_{α̂} − D_{α̂}A^α_m + γ_{mα̂γ̂} A^{αγ̂} = 0 . (4.4)

The other equations coming from [Q_L + Q_R, U] = 0 will not impose any further constraint on the superfields, but they define consistently the curvature in terms of A_{αα̂}, . . . A^{αα̂}.

3The N=2 D=9,1 supersymmetric derivatives are defined by Dα =^∂_{∂θα} +^1_2 γ^m_{αβ} θ^β ∂m and D̂_{α̂} =^∂_{∂θ̂α̂} + 1 2 γ^m_{α̂β̂}θ̂^{β̂} ∂m.

– 7 –

Notice that the superfields A_{mα̂}, A_{αm}, . . . A^{αα̂} are solved in terms of the fundamental field A_{αα̂} as follows

A_{mα̂} = 1 8 D_αγ^{αβ}_m A_{βα̂} , A_{αm} = 1 8 D_{α̂}γ^{α̂β̂}_m A_{αβ̂} , A^α_{α̂} = 1 10 γ^{mαβ} (D_βA_{mα̂} − ∂_mA_{βα̂}) , A^{α̂}_α = 1 10 γ^{mα̂γ̂} (D_{γ̂} A_{αm} − ∂_mA_{αγ̂} ) , A^{γ̂}_m = 1 8 γ^{αβ}_m D_αA^{γ̂}_β , A^α_m = 1 8 γ^{α̂γ̂}_m D_{α̂}A^α_{γ̂} , A_{mn} = 1 64 D_αD_{α̂}γ^{αβ}_m γ^{α̂β̂}_n A_{ββ̂} , A^{αα̂} = 1 10 γ^{mαβ} ( D_β A^{α̂}_m − ∂_mA^{α̂}_β ) . (4.5)

The superfield A_{αα̂} satisfies the field equations γ^{αβ}_{mnpqr}D_αA_{βγ̂} = 0 , γ^{α̂γ̂}_{mnpqr}D_{α̂}A_{γγ̂} = 0 , (4.6) which are the linearized N = 2 supergravity equations of motion. The gauge transformations are generated by the BRST variations of two generic superfields Ω^{(0,1)} and Ω^{(1,0)} by δU(z, z̄) = {Q_L, Ω^{(0,1)}} + {Q_R, Ω^{(1,0)}}, with {Q_R, Ω^{(0,1)}} = {Q_L, Ω^{(1,0)}} = 0 and Ω^{(0,1)} ∈ H_+, Ω^{(1,0)} ∈ H_+. Assuming for Ω^{(0,1)} the general decomposition

Ω^{(0,1)}(z) = λ^{α̂}_RΛ̂_{α̂} + ξ^m_R Λ̂_m + χ_{Rα̂}Λ̂^{α̂} + + b_R ( ξ^m_R ξ^n_RΞ̂_{mn} + λ^{α̂}_Rχ_{Rγ̂}Ξ̂^{γ̂}_{α̂} + χ_{Rα̂} ξ^mΞ̂^{α̂}_m + χ_{Rα̂}χ_{Rγ̂}Ξ̂^{α̂γ̂} ) , (4.7)

and analogously for Ω^{(1,0)} exchanging R → L and Λ̂_{α̂}, . . . , Ξ̂^{α̂γ̂} → Λ_α, . . . , Ξ^{αγ} , the relevant gauge transformations are δA_{αα̂} = D_αΛ̂_{α̂} + D_{α̂}Λ_α . (4.8)

The conditions {Q_R, Ω^{(0,1)}} = {Q_L, Ω^{(1,0)}} = 0 imply that the gauge parameters Λ_β and Λ̂_{γ̂} satisfy the following equations

γ^{αβ}_{[mnpqr]}D_αΛ_β = 0 , γ^{α̂γ̂}_{[mnpqr]}D_{α̂}Λ̂_{γ̂} = 0 . (4.9)

The gauge transformations for the other superfields A_{mα̂}, . . . , A^{αα̂} can be easily derived from eq. (4.9) using their definitions (4.5). The field eqs. (4.6) and the gauge transformations (4.8) derived for the closed superstring are in agreement with [2, 6]. The physical degrees of freedom can be easily read from the first components of the θ^α_L and θ^{α̂}_R of the superfields A_{mn}(x, θ_L, θ_R), A^{γ̂}_m(x, θ_L, θ_R), A^α_m(x, θ_L, θ_R) and A^{αα̂}(x, θ_L, θ_R). The first component of A_{mn} = (g_{mn} +b_{mn} +η_{mn}ϕ)+O(θ_L, θ_R) describe the graviton, the NS-NS two-form and the dilaton. The first components of A^{γ̂}_m = ψ^{γ̂}_m + O(θ_L, θ_R) and A^α_m = ψ^α_m + O(θ_L, θ_R) contain the N = 2 gravitinos ψ^{γ̂}_m, ψ^α_m, and the chirality of the right-mover spinor θ_R determines if the string is type IIA or IIB. Finally, A^{αα̂} = F^{αα̂} + O(θ_L, θ_R), where F^{αα̂} are the R-R field strenghts. The linearized field equations for g_{mn}, b_{mn}, ϕ, ψ^α_m, ψ^{γ̂}_m and F^{αα̂} are discussed in great detail in [6].

Of course the closed superstring massless spectrum can be understood as the tensor product of the cohomologies for open superstring of left- and right-movers. Mathematically, this is encoded in the well-known Künneth formula H^{(1,1)}(Q_L + Q_R, H^L_+ ⊗ H^R_+) = H^{(1)}(Q_L, H^L_+) ⊗ H^{(1)}(Q_R, H^R_+).

– 8 –

For applications to correlation functions we expect to need not only local vertex operators such as U^{(1)} for the open string and U^{(1,1)} for the closed strings, but also integrated vertex operators ∫ dzV^{(0,1)}_z , ∫ dz̄V^{(1,0)}_{z̄} , and ∫ dzdz̄V^{(0,0)}_{zz̄} . These vertex operators satisfy descent equations. Introducing the notation O^{(a,b)}_{c,d} for local vertex operators with ghost number a(b) in the left (right) sector and (anti) holomorphic indices c(d), we identify

O^{(1,1)}_{0,0} = U^{(1,1)} , O^{(0,1)}_{1,0} = V^{(0,1)}_z , O^{(1,0)}_{0,1} = V^{(1,0)}_{z̄} , O^{(0,0)}_{1,1} = V^{(0,0)}_{zz̄} . (4.10)

The descent equations read [ Q_L, O^{(a,b)}_{c,d} ] = d O^{(a+1,b)} c−1,d , [ Q_R, O^{(a,b)}_{c,d} ] = d̄ O^{(a,b+1)} c,d−1 , (4.11) where d and d̄ are the holomorphic and antiholomorphic differentials. More explicitly, at the first level we have [ Q_L, U^{(1,1)} ] = 0 , [ Q_R, U^{(1,1)} ] = 0 , (4.12)

while at the next level, we get [ Q_L, V^{(0,1)}_z ] = ∂_z U^{(1,1)} , [ Q_R, V^{(0,1)}_z ] = 0 , [ Q_R, V^{(1,0)}_{z̄} ] = ∂_{z̄} U^{(1,1)} , [ Q_L, V^{(1,0)}_{z̄} ] = 0 , (4.13)

and, finally, [ Q_L, V^{(0,0)}_{zz̄} ] = ∂_zV^{(1,0)}_{z̄} , [ Q_R, V^{(0,0)}_{zz̄} ] = ∂_{z̄}V^{(0,1)}_z . (4.14)

The unintegrated vertex operator U^{(1,1)} was given in (4.3). One can write down similar expressions for the once or twice integrated vertex operators. To simplify the expressions we introduce a matrix notation for each of the four terms in (4.3). For U^{(1,1)} we write U^{(1,1)} = E^M E^{N̂} M_{MN̂} (x, θ_L, θ_R), where E^M = (λ^α, ξ^m, χ_α), E^{N̂} = (λ^{β̂}, ξ̂^n, χ_{β̂}) and M_{MN̂} (x, θ_L, θ_R) is given by

M_{MN̂} (x, θ_L, θ_R) = A_{αβ̂} A_{αn} A^{β̂}_α A_{mβ̂} A_{mn} A^{β̂}_m A^α_{β̂} A^α_n A^{αβ̂} . (4.15)

Similar expressions can be written down for U^{(2,1)}, U^{(1,2)} and U^{(2,2)}, but we shall not need them. Furthermore we do not introduce any term with either ω^m and ω̄^m for reasons explained before.

For V^{(0,1)}_z , we have to introduce two further ingredients: a vector of the form F_{z,M} = (∂_z θ^α, Π_{zm}, d_{zα}) and a tensor of the form T_{z,MN} = (w_{zα}λ^β, w_{zα}ξ^m, w_{zα}χ_β, β_{zm}ξ^n, β_{zμ}χ_β, κ^α_z χ_β). The vertex V^{(0,1)}_z is then given by

V^{(0,1)}_z = F^M_z E^{N̂} M^′_{MN̂} (x, θ_L, θ_R) + T^{MN}_z E^{P̂} N_{MN,P̂} (x, θ_L, θ_R) . (4.16)

– 9 –

Note that no term c_zb is included in T_{z,MN} because it belongs to the sector bV^{(1,1)}_z . Finally, V^{(0,0)}_{zz̄} is represented by

V^{(0,0)}_{zz̄} = F^M_z F^{N̂}_{z̄} M^{′′}_{MN̂} (x, θ_L, θ_R) + T^{MN}_z F^{P̂}_{z̄} N_{MN,P̂} (x, θ_L, θ_R) +

+ F^M_z T^{P̂ Q̂}_{z̄} N̄_{M,P̂ Q̂}(x, θ_L, θ_R) + T^{MN}_z T^{P̂ Q̂}_{z̄} P_{MN,P̂ Q̂}(x, θ_L, θ_R) . (4.17)

Uisng the descent equations, one can derive the remarkable simple result

M_{MN̂} (x, θ_L, θ_R) = M^′_{MN̂} (x, θ_L, θ_R) = M^{′′}_{MN̂} (x, θ_L, θ_R) (4.18)

which allows us to reconstruct completely the other pieces of the vertex, namely the superfields N_{MN,P̂} (x, θ_L, θ_R), N̄_{M,P̂ Q̂}(x, θ_L, θ_R) and P_{MN,P̂ Q̂}(x, θ_L, θ_R) in terms of the superfields contained in the matrix M_{MN̂} (x, θ_L, θ_R).

5. Conclusions

We conclude by giving an argument for the presence of the term −η^m_z ¯∂ω_m in the action, with (η^m_z , ω_m) a ghost-charge (−1, 1) spin (1, 0) system. We start from the observation that in the approach with the pure spinor constraint λ^αγ^m_{αβ}λ^β = 0 the action with L = −β_{z,α} ¯∂λ^α has the local gauge invariance

δβ_{z,α} = Λ_{zm}γ^m_{αβ} λ^β , δλ^α = 0 . (5.1)

The gauge parameter has ghost number −2. To remove the pure spinor constraint we introduce the Lagrange multiplier field α_{zz̄,m} with the ghost number −2 L = −β_{z,α} ¯∂λ^α + 1 2 α_{zz̄,m}λ^αγ^m_{αβ}λ^β . (5.2) The action with unconstrained λ^α is still gauge invariant if α_{zz̄,m} transforms as δα_{zz̄,m} = − ¯∂Λ_{zm}. We fix this local gauge symmetry as usual by adding a BRST exact term. The gauge parameter Λ_{zm} becomes a field η_{zm} with ghost number −1, which is an antighost. As the BRST exact term we take s (ω^mα_{zz̄,m}) = d^mα_{zz̄,m} − ω^m ¯∂η_{zm} . (5.3) The field ω^m has ghost number +1, and is a ghost field; it transforms into a BRST auxiliary field d^m with ghost number +2. Integrating over d^m and α_{zz̄,m} sets these fields to zero, and one is indeed left with the term ¯∂η_{zm}ω^m = −η_{zm} ¯∂ ω^m in the action. We end up by recalling that the previous argument is a strong indication in favour of the presence of the fields η^m_z and ω_m in our formalism, nevertheless a complete picture can be only achieved by starting from a gauge invariant action and using the Batalin-Vilkovisky framework for its quantization.

Before concluding, we would like to point out the relation between the cohomology in the Berkovits’ approach and in our formalism which also indicates the path towards the proof of the equivalence of the two approaches.

The group H(Q_B |H_{p.s.}), which represents the cohomology in the Berkovits’ formalism is an example of a constrained BRST cohomology, or equivalently, of equivariant cohomology [9]. In the latter case, the BRST cohomology is computed on the supermanifold M with coordinates x^m, θ^α on which the space-time translations x^m → x^m +^1_2 λγ^mλ,

– 10 – generated by unconstrained spinors λ^α, act freely. One finds that Q^2_B = −L_V , where L_V is the Lie dierivative L_V = d ι_V + ι_V d and ι_V is the contraction of a form with the vector V^m =^1_2 λγ^mλ.

One can represent ι_V by the operator ∮ dz V^mβ_{zm}; its action of (parity reversed forms) ξ^m is then given by the OPE of β_{zm}(z) with ξ^m(z). The exterior differential d is ξ^m∂_m, where ξ^m are the parity-reversed coordinates of the cotagent bundle ΠT^∗M. The usual exterior derivative d = dx^m∂_m has been replaced by − ∮ dz ξ^mΠ_{zm} . Since Π^m_z (z)∂^lx^n(w) ∼ (z −w)^{−l−1}, the operator − ∮ dz ξ^mΠ_{zm} represents the exterior derivative on the jet bundle {x^m, ∂ x^m, ∂^2x^m, . . .}. Following the approach of equivariant cohomology [9], one can define a new BRST operator Q^′ by

Q^′ = Q_B + d + ι_V = Q − ∮ ξ^mΠ_{zm} − ∮ 1 2 λ^αγ^m_{αβ} λ^ββ_{zm} . (5.4)

Unfortunately, this operator fails to be nilpotent and the solution of this problem has been discussed in [1]. Moreover, it turns out that the BRST cohomology computed in the space of vertex operators with vanishing conformal weight and non-negative gradings coincides with the massless spectrum of the superstring, and this suggests a complete equivalence of the two approaches. It has been also pointed out in similar examples discussed in [10] that one needs further conditions on the functional space to identify the correct physical observables as elements of the BRST cohomology.

In the present paper, we have identified the massless spectrum for the open and closed superstrings by the cohomology at ghost number +1 of the BRST operator restricted to a subspace of the linear space of vertex operators. The subspace is selected by means of a natural grading which is assigned to the ghosts and antighosts.

Note added: In this article we have introduced a new quantum number for fields, the grading, and a new definition of physical states which required that vertex operators have non-negative grading. The results (the correct physical spectrum) justify to some extend this notion of a grading, and we also noted that a similar notion of grading is already needed in the RNS spinning string to obtain a non-trivial spectrum [11]. However, the referee has asked us to provide “a more extensive justification of the grading condition”. Although this has not even been achieved for the RNS string, we have tried to come up with a deeper explanation of the grading, and now present a new understanding: the grading number is the pure ghost number (resolution degree) of homological perturbation theory.

According to homological perturbation theory [12], once one has an initial BRST-like symmetry s_0 which is nilpotent modulo constraints G_a and gauge transformations (with possibly field dependent parameter ϵ^a, where the gauge transformations are due to OPE’s of the fields with the constraints), we may introduce new fields P_a and a new nilpotent operator^4 δ_{−1} such that

δ_{−1}P_a = −G_a , δ_{−1}(other fields) = 0 . (5.5)

The new fields P_a carry a new quantum number usually called antifield number and the operator δ_{−1} lowers this number. It has been proven that one can always add further

4This operator is known in the literature as the Koszul-Tate resolutor.

– 11 – operators s_1, s_2, . . . to δ_{−1} + s_0 such that s ≡ δ_{−1} + s_0 + s_1 + s_2 + · · · is nilpotent. The form of s_n with n > 1 follows from the requirement that s^2 = 0. The s_n’s have definite antifield number equal to n. In addition, one can define a further quantum number by a linear combination of the antifield number and the ghost number; it turns out that the pure ghost number n_{pg}, defined as the sum of the ghost number n_g plus the antifield number n_{af} , coincides with our grading number as we explain in the following.

In the superstring case, s_0 should be identified with the Berkovits’ BRST-like symmetry which acts on the fields Φ = (θ^α, x^m, d_α, λ^α, β_α), and s_0 is nilpotent up to the pure spinor constraint λγ^mλ = 0 and up to the gauge trasformations Δ_ϵΦ(w) = ∮ dz(ϵ_mλγ^mλ)(z)Φ(w) (so the bracket [Φ, G_a] is in our case written in terms of the operator product). Indeed,

Q^2_B x^m = − 1 2 λγ^mλ , Q^2_B θ^α = 0 , Q^2_Bd_α = − 1 2 ∂(λγ^mλ) , Q^2_B λ^α = 0 , Q^2_B w_α = Π_m(γ^mλ)_α = Δ_Πw_α . (5.6)

The field P_a corresponds in our case to ξ_m and δ_{−1}P_a = −G_a corresponds to {Q_0, ξ^m} = −^1_2 λγ^mλ, where Q_0 = ∮ dzj^{B,(0)}_z (z) given in (2.6). Further, we identify Q_2 ≡ s_1, Q_3 = s_2 and Q_4 = s_3, where Q_2, Q_3 and Q_4 are the charges corresponding to the currents j^{B,(1)}_z (z), j^{B,(3/2)}_z (z) and j^{B,(2)}_z (z), respectively.

The fields Φ have by definition vanishing antifield number. Hence n_{pg}(λ) = n_g(λ) + n_{af} (λ) = 1 + 0 = 1 which agrees (up to a factor 2) with our grading. Similarly also for all other fields n_{pg} is equal to twice our grading.

There is however, a difference between our approach and standard homological perturbation theory. In the latter case one has by definition only fields with positive antifield number (contributing to s_n with n ≥ 0), but in our case we have antighosts in the theory, and if the ghosts have positive antifield number, it is reasonable to assign the opposite (negative) antifield number to the antighosts (in this way the action is neutral). One must introduce a floor from which to work upwards, in a similar way as Dirac introduced the concept of a sea to excluded unbounded negative energy. We have constructed such a floor by hand, by requiring that the vertex operators have a lower bound on their grading; from the previous correspondence it even follows that this lower bound is zero. This is at the present time the best we can do to explain why one should require that the vertex operators have non-negative grading.

Acknowledgments

We thank M. Porrati, N. Berkovits and J.-S. Park for useful discussions. G. P. thanks C.N. Yang Institute for Theoretical Physics at Stony Brook for the hospitality. This work was partly funded by NSF Grants PHY-0098527.

References

[1] P.A. Grassi, G. Policastro, M. Porrati and P. Van Nieuwenhuizen, Covariant quantization of superstrings without pure spinor constraints, J. High Energy Phys. 10 (2002) 054 [hep-th/0112162].

– 12 –

[2] N. Berkovits, Super-Poincaré covariant quantization of the superstring, J. High Energy Phys.

04 (2000) 018 [hep-th/0001035];

N. Berkovits and B.C. Vallilo, Consistency of super-Poincaré covariant superstring tree amplitudes, J. High Energy Phys. 07 (2000) 015 [hep-th/0004171];

N. Berkovits, Cohomology in the pure spinor formalism for the superstring, J. High Energy Phys. 09 (2000) 046 [hep-th/0006003]; Covariant quantization of the superstring, Int. J. Mod. Phys. A 16 (2001) 801 [hep-th/0008145];

N. Berkovits and O. Chandia, Superstring vertex operators in an AdS_5 × S^5 background, Nucl. Phys. B 596 (2001) 185 [hep-th/0009168];

N. Berkovits, The ten-dimensional Green-Schwarz superstring is a twisted Neveu-Schwarz-Ramond string, Nucl. Phys. B 420 (1994) 332 [hep-th/9308129]; Relating the RNS and pure spinor formalisms for the superstring, J. High Energy Phys. 08 (2001) 026 [hep-th/0104247];

N. Berkovits and O. Chandia, Lorentz invariance of the pure spinor BRST cohomology for the superstring, Phys. Lett. B 514 (2001) 394 [hep-th/0105149].

[3] P.S. Howe, Pure spinors lines in superspace and ten-dimensional supersymmetric theories, Phys. Lett. B 258 (1991) 141, addendum ibid. B259 (1991) 511; Pure spinors, function superspaces and supergravity theories in ten-dimensions and eleven-dimensions, Phys. Lett. B 273 (1991) 90.

[4] W. Siegel, Classical superstring mechanics, Nucl. Phys. B 263 (1986) 93; Randomizing the superstring, Phys. Rev. D 50 (1994) 2799.

[5] V.G. Kac, Simple graded Lie algebras of finite growth, Func. Anal. Appl. 1 (1967) 328;

K. Bardakci and M.B. Halpern, New dual quark models, Phys. Rev. D 3 (1971) 2493; V.G. Kac, Infinite dimensional Lie algebras, 3rd ed., Cambridge University Press, Cambridge 1990.

[6] N. Berkovits and P.S. Howe, Ten-dimensional supergravity constraints from the pure spinor formalism for the superstring, Nucl. Phys. B 635 (2002) 75 [hep-th/0112160].

[7] N. Berkovits, Covariant quantization of the superparticle using pure spinors, J. High Energy Phys. 09 (2001) 016 [hep-th/0105050].

[8] E. Witten, An interpretation of classical Yang-Mills theory, Phys. Lett. B 77 (1978) 394;

Twistor-like transform in ten-dimensions, Nucl. Phys. B 266 (1986) 245; J.P. Harnad and S. Shnider, Constraints and field equations for ten-dimensional super Yang-Mills theory, Commun. Math. Phys. 106 (1986) 183.

[9] R. Stora, Exercises in equivariant cohomology, lectures at NATO Advanced Study Institute:

quantum fields and quantum space time, Cargèse, Corsica, France, 22 Jul. - 3 Aug. 1996

hep-th/9611114;

J. Kalkman, BRST model for equivariant cohomology and representatives for the equivariant Thom class, Commun. Math. Phys. 153 (1993) 447;

S. Ouvry, R. Stora and P. van Baal, On the algebraic characterization of Witten’s topological Yang-Mills theory, Phys. Lett. B 220 (1989) 159;

L. Baulieu and I.M. Singer, Conformally invariant gauge fixed actions for 2-d topological gravity, Commun. Math. Phys. 135 (1991) 253.

[10] A. Blasi and R. Collina, Basic cohomology of topological quantum field theories, Phys. Lett. B 222 (1989) 419;

– 13 –

F. Delduc, N. Maggiore, O. Piguet and S. Wolf, Note on constrained cohomology, Phys. Lett. B 385 (1996) 132 [hep-th/9605158];

F. Fucito, A. Tanzini, L. C. Vilar, O. S. Ventura, C. A. Sasaki and S. P. Sorella, Algebraic renormalization: perturbative twisted considerations on topological Yang-Mills theory and on N = 2 supersymmetric gauge theories, hep-th/9707209.

[11] M. Henneaux, BRST cohomology of the fermionic string, Phys. Lett. B 183 (1987) 59;

W. Siegel, Boundary conditions in first quantization, Int. J. Mod. Phys. A 6 (1991) 3997; N. Berkovits, M.T. Hatsuda and W. Siegel, The big picture, Nucl. Phys. B 371 (1992) 434 [hep-th/9108021].

[12] M. Henneaux and C. Teitelboim, Quantization of gauge systems, Princeton University Press, Princeton, USA 1992;

J.M.L. Fisch, M. Henneaux, J. Stasheff and C. Teitelboim, Existence, uniqueness and cohomology of the classical BRST charge with ghosts of ghosts, Commun. Math. Phys. 120 (1989) 379.

– 14 –